Abstract. We obtain an integral representation of the classical solution of the conjugation problem for the second order parabolic equation with derivatives with respect to tangent variables at the conjugation conditions. Using this solution, we construct the Feller semigroup to which there corresponds a diffusion process with a piecewise-constant generalized diffusion matrix and a generalized drift vector.
Introduction
In this paper, we consider the problem of construction of the Feller semigroup to which there corresponds a multidimensional continuous Markov process such that in the lower and upper halfspaces its parts coincide with given processes of Brownian motion and the behavior of the process, after its exit onto the common boundary of the given domains, is determined by two conjugation conditions given, that should be satisfied by the required semigroup. Brownian motion processes are given by their generators differential operators with zero transition vectors and distinct constants diffusion matrices. Note that the first of conjugation conditions is an expression of the Feller property of the required process, and the second condition corresponds to one of the versions of general conjugation condition of the Wentzel type (see [1, 2] ). In the considered case, the given condition is determined by a linear differential operator with constant coefficients, that contains normal derivatives and first and second order derivatives with respect to tangent variables. This means that, among the possible extensions of the process of Brownian motion at the points of the hyperplanethat separates the upper and lower halfspaces, there is only their partial reflection acting on the normal directions along with drift and diffusion along the boundary.
The formulated problem can also be called either a problem on gluing diffusion processes or a problem of construction of a mathematical model of diffusion phenomenon in the environment with diaphragm [3, 4] . In the paper, we use analytical methods for its solution. With this approach, the given problem can be practically reduced to investigate the corresponding conjugation problem for a second order linear parabolic equation with discontinuous coefficients. We establish classical solvability of the latter problem by the method of the limiting integral equation using ordinary parabolic simple layer potential. Note also that the assumption that the coefficients of the equation and the Wentzel boundary operator are piecewiseconstant and constant respectively allow us to apply the Fourier-Laplace integral transformations to the solutions of the system of integral equations to which the initial problem is reduced.
Recall that a similar problem was already investigated earlier in [4] . However, a special fundamental solution was used therein which was constructed by the author, not an ordinary fundamental solution of a uniformly parabolic operator, as one of the kernels of the simple layer potential in construction of the integral representation of the regularized semigroup. We also distinguish the paper [5] , where the problem of gluing of diffusion process is considered in martingale setting.
Notations, the problem formulation
The following notations are used in this paper:
and ‫ܦ‬ ௫ are the symbols of the partial derivative of the order ‫ݎ‬ with respect to ‫ݐ‬ and any partial of the order ‫‬ with respect to ‫ݔ‬ respectively, where ‫ݎ‬ and ‫‬ are nonnegative integers; where ܾ ሺሻ are real numbers and matrix ‫ܤ‬ = ቀܾ ሺሻ ቁ is symmetric positively defined. Assume also that numeric parameters ߚ , ߙ ∈ ℝ, ሼ݅, ݆ሽ ⊂ ሼ1, … , ݀ − 1ሽ, and ‫ݍ‬ , ݈ ∈ ሼ1, 2ሽ, with ‫ݍ‬ ≥ 0 and ‫ݍ‬ ଵ + ‫ݍ‬ ଶ ≠ 0 are given, and matrix ߚ = ൫ߚ ൯ is symmetrical and positively defined. They will be used to describe properties of the diaphragm that is situated on ࣭ and it affects a diffusing particle only when it reaches the diaphragm. We set up a problem to investigate the existence of a Feller semigroup ܶ ௧ , ‫ݐ‬ ≥ 0, that generates a class of continuous Markov processes in ℝ ௗ such that their parts in domains ࣞ coincide with Brownian motion processes that are controlled by the operator ‫ܮ‬ , ݈ = 1, 2.
In this paper, one such semigroup will be constructed by analytical methods under assumptions that the function ‫,ݐ‪ሺ‬ݑ‬ ‫ݔ‬ሻ = ܶ ௧ ߮ሺ‫ݔ‬ሻ, ߮ ∈ ࣝ ൫ℝ ௗ ൯, is a solution of the next parabolic conjugation problem:
where ‫,ݐ‪ሺ‬ݑ‬ ‫ݔ‬
ary values of the function ‫,ݐ‪ሺ‬ݑ‬ ‫ݔ‬ ᇱ , 0ሻ ‫ܦ(‬ ௗ ‫,ݐ‪ሺ‬ݑ‬ ‫ݔ‬ ᇱ , 0ሻ) as ‫ݔ‬ approaches to ሺ‫ݔ‬ ᇱ , 0ሻ ∈ ℝ ௗିଵ from inside ࣞ ଵ and ࣞ ଶ respectively.
Note that if the semigroup satisfies equation (2) then the sought process coincides with given Brownian motion processes in ࣞ ଵ and ࣞ ଶ ; also the equation (3) corresponds to the fact that ܶ ≡ ‫,ܫ‬ where ‫ܫ‬ is an identity operator. Besides that, the formulation of the problem (2) - (5) requires that the function ‫,ݐ‪ሺ‬ݑ‬ ‫ݔ‬ሻ and its derivatives ‫ܦ‬ ‫,ݐ‪ሺ‬ݑ‬ ‫ݔ‬ሻ, ݅ ∈ ሼ1, … , ݀ሽ, change continuously as it moves through ࣭. Probabilistic interpretation of conditions (4) and (5) and proper comments were stated in the introduction.
So, we are interested in classical solution of the problem (2)- (5) that is bounded by a spatial variable and the function ‫,ݐ(ݑ‬ ‫)ݔ‬ belongs to and its derivatives ‫ܦ‬ ‫,ݐ‪ሺ‬ݑ‬ ‫ܦ,‪ሻ‬ݔ‬ ‫,ݐ‪ሺ‬ݑ‬ ‫ݔ‬ሻ,ሼ݅, ݆ሽ ⊂ ሼ1, … , ݀ − 1ሽ, exist and are continuous in all points of the domain ሺ‫,ݐ‬ ‫ݔ‬ሻ ∈ ℝ ஶ ௗାଵ .
Solution of the parabolic conjugation problemand construction of generalized diffusion process
We will use a method of boundary integral equations to prove a classical solvability of the problem (2)-(5). Theorem 1. Let the coefficients of the operators ‫ܮ‬ , ݈ ∈ ሼ1,2ሽ from the problem (2)-(5) are real constants that construct a positively defined symmetric matrix ‫ܤ‬ , and numeric parameters ߚ , ߙ , ሼ݅, ݆ሽ ⊂ ሼ1, … , ݀ − 1ሽ, and ‫ݍ‬ , ݈ ∈ {1,2}, satisfy the next conditions: ߚ ∈ ℝ, ߙ ∈ ℝ, ‫ݍ‬ ≥ 0, ‫ݍ‬ ଵ + ‫ݍ‬ ଶ ≠ 0 and the matrix ߚ = (ߚ ) is symmetric and positively defined. Then the problem (2)-(5) has a unique classical solution for every function ߮ ∈ ࣝ ൫ℝ ௗ ൯ and next estimation holds:
The proof of the theorem is in receiving an explicit form of the solution as a sum of Poisson potential and simple layer potential, then a respective estimates are proved. Let ݃ ሺ‫,ݐ‬ ‫,ݔ‬ ‫ݕ‬ሻ, ݈ ∈ ሼ1,2ሽ, ‫ݐ‬ > 0, ‫ݔ‬ ∈ ℝ ௗ , ‫ݕ‬ ∈ ℝ ௗ is a fundamental solution (f.s.) of the equation (2): Consider the Poisson potential and simple layer potential
Here ߮ is the function from (3), and density functions ܸ ,݈ ∈ ሼ1,2ሽ, are to be defined. Notice that dependence of densities ܸ , ݈ ∈ ሼ1,2ሽ on initial function ߮ from (3) will be defined in the problem by conjugation conditions (4), (5) . Let us note some properties of the potentials ‫ݑ‬ , ‫ݑ‬ ଵ , ݈ ∈ ሼ1,2ሽ, that follows directly from the properties of f.s. ݃ (see [6, Ch . IV] and [7, 8] ). In particular, if ߮ ∈ ࣝ ൫ℝ ௗ ൯, then the functions ‫ݑ‬ ሺ‫,ݐ‬ ‫ݔ‬ሻ, ݈ ∈ ሼ1,2ሽ, satisfy equation (2) We will also use formulas of jump of conormal derivatives of simple layer potential on the boundary ࣭ = ℝ ௗିଵ . For this, for ‫ݔ‬ ᇱ ∈ ℝ ௗିଵ , we define vectors ܰ = ‫ܤ‬ • ߥ, ݈ ∈ ሼ1,2ሽ, that are called conormals. Due to the assumption of the Theorem 1 ሺ‫ܤ‬ ߥ, ߥሻ > 0, ݈ ∈ ሼ1,2ሽ, so that both conormals have directions inside the domain ࣞ ଶ . A derivative of some function ‫ݔ,‪ሻ‬ݔ‪ሺ‬ݒ‬ ∈ ℝ ௗ , in the direction of every conormalܰ , ݈ ∈ ሼ1,2ሽ, is defined by a formula
In the sought case for conormal derivatives of simple layer potentials ‫ݑ‬ ଵ ሺ‫,ݐ‬ ‫ݔ‬ሻ, ݈ ∈ ሼ1,2ሽ, for ‫ݐ‬ > 0 and ‫ݔ‬ = ሺ‫ݔ‬ ᇱ , 0ሻ ∈ ℝ ௗିଵ we will obtain
As potentials ‫ݑ‬ and ‫ݑ‬ ଵ , ݈ ∈ ሼ1,2ሽ, satisfy the mentioned conditions then we can try to find a solution of the problem (2)-(5) in next form
where Now we have to find unknown functions ܸ ଵ and ܸ ଶ such that conjugation conditions (4) and (5) are satisfied for ‫,ݐ(ݑ‬ ‫.)ݔ‬ Substituting expressions for ‫ݑ‬ ሺ‫,ݐ‬ ‫ݔ‬ሻ, ݈ ∈ ሼ1,2ሽ in these conditions after some transformations we will obtain where
So from conjugation conditions (4), (5) we have obtained a system of equations (16), (17) with respect to unknown functions ܸ , ݈ ∈ ሼ1,2ሽ. As one can see, the first equation is an integral Volterra equation of the first kind, and the second one is an integral-differential Volterra equation of the second kind. We will show that the system of equations (16), (17) 2). Obviously we will consider that this transformation exists for every function from equations (16) and (17). After application of the Fourier-Laplace transform to every equation in the system (16) and (17) it transforms into algebraic system of equations with respect to the images ܸ ෩ ഥ ሺ‫,‬ ߪ ᇱ ሻ, ݈ ∈ ሼ1,2ሽ, and we will obtain
‫ݑ‬ ሺ‫,ݐ‬ ‫ݔ‬ሻ = ‫ݑ‬ ሺ‫,ݐ‬ ‫ݔ‬ሻ + ‫ݑ‬ ଵ ሺ‫,ݐ‬ ‫ݔ‬ሻ.
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where
Notice that for obtaining and solving the system with unknown ܸ ෩ ഥ ሺ‫,‬ ߪ ᇱ ሻ, ݈ ∈ ሼ1,2ሽ we have used known properties of Fourier and Laplace transforms [9] 
and ‫ܩ‬ ሺ‫,ݐ‬ ‫ݔ‬ ᇱ ሻ are originals of the functions ‫ܩ‬ ෩ ഥ ሺ‫,‬ ߪ ᇱ ሻ. We will use next equality to find them 
‫ܩ‬

